ABSTRACT This paper studies multiple inverse kinematics solutions for a 7-DOF human redundant manipulator with a special joint configuration. A method is proposed for determining the continuous joint angle vector by selecting the inverse solution from discrete multiple solutions to the continuous end path of the mechanical arm. The elbow angle constraint is introduced, and the mapping relationship from the elbow angle to the joint angle is established. Subspaces are found in the multiple solution spaces to avoid joints exceeding the limit to obtain elbow angle interval, and then combined with the collision detection technique, subspaces are sought in multiple solution spaces to avoid collisions between robotic arms and obstacles. Two subspaces are then obtained, and with use of their intersection, all feasible manipulator inverse kinematic solutions that avoid the joint limit and the obstacles at a given pose are obtained. The above method explicitly determines the complete feasible kinematic inverse solution of redundant manipulators. Finally, the validity of the methods is verified via kinematic simulations.
I. INTRODUCTION
7-DOF redundant manipulators have high flexibility owing to their self-motion characteristics. Several methods have been previously applied to inverse kinematic solutions [1] - [8] . For example, Zhou et al. [1] proposed a position-based approach to evaluating ranges of feasible inverse kinematic solutions and searching for the optimal solution, which is estimated on the basis of the disturbance acting on the base of the manipulator to obtain the optimal solution. Sciavicco and Siciliano [2] presented an algorithm that is based on a dynamic reformulation of the problem, leading to a closed-loop scheme; the stability of the latter is guaranteed by the selection of control that involves only the computation of the direct kinematics of the manipulator. Liu et al. [3] introduced key positions defined as Cartesian positions of the manipulator's elbow and wrist joints. The key positions are used as constraints on the inverse kinematics in addition to orientation constraints at the end-effector, such that the inverse kinematics can be calculated through an efficient
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analytical scheme and realizes human-like configurations. Studies of the avoidance of joint limit or obstacle avoidance through self-motion characteristics are the research hotspot of redundant freedom manipulators [9] - [14] .
Several approaches addressing the problem of avoidance joints are based on the joint velocity vector of the Jacobian matrix null space. These methods construct an exclusion factor using the joint limit value or build an attractor using the average of the joint limit to restrain the joint rotation angle. These techniques' can obtain a feasible solution but cannot fully utilize the complete range of the avoidance joints [15] - [18] .
For the problem of the arm avoiding obstacles, most methods choose key points on the robotic arm, then construct a potential field to reject the manipulator arm position by using the distance of the key point to the obstacle [19] - [22] . These methods' biggest disadvantage is that falling into local extrema is easy in complex situations. These results have solutions but cannot be solved. Selecting the key points is challenging in the process of robot arm movement; for joint limit constraint avoidance and obstacle avoidance, several approaches introduce neural network algorithms to solve the model on the basis of an artificial potential field [23] - [25] . This approach is too complicated, and explicitly applying the self-motion characteristic method is effective and intuitive in obtaining a completely feasible solution.
The dynamic models of redundant freedom robotic manipulators are discussed for path planning [26] - [27] . The procedures required to derive the relevant motion equations become more laborious and complicated. To overcome this difficulty, it is essential to apply a recursive formulation to automatically obtain the governing equations. There are numerous recursive algorithms that can be applied to open kinematic chain systems [28] . In fact, by imposing the additional kinematic constraints, the extra DOFs were used to accomplish the other purposes, not to maximize the allowable load. Korayem et al. [29] , [30] showed that, for a mobile base manipulator, there exists a position in which the manipulator can carry the maximum payload along a given path. Thus, the additional DOFs were used to place the base in the optimum location.
At present, the 7-DOF redundant manipulator trajectory planning method is equivalent to direct sampling of a seven-dimensional configuration space. To further determine whether the joint angles satisfy the obstacle condition and the joint motion range, repeated solutions and multiple judgments are necessary before the crawling task can be completed. Moreover, trajectory planning efficiency is low.
This research chooses the elbow angle as the supplementary control parameter, establishes the mapping relationship between the elbow angle and the working space and then divides the working space into the joint and obstacle avoidance spaces. Then, the intersection of the two subspaces is determined to obtain the inverse solution of motion satisfying the limit of avoiding joints and avoiding obstacles. The proposed method not only can obtain the joint angle that satisfies the trajectory planning but also render the inverse solution of the redundant manipulator an explicit solution. This outcome significantly improves trajectory planning efficiency and provides an effective method of further optimizing the independent control of redundant-DOF manipulators.
II. ANALYSIS OF THE INVERSE KINEMATIC SOLUTION A. 7-DOF MANIPULATOR MODEL
We use the KUKA LBR iiwa robot as the model; the D-H parameters are shown in Table 1 .
According to the standard D-H method adopted by MATLAB Robotic Tools, the coordinate system is shown in Figure 1 .
B. SELF-MOTION PARAMETER MODEL
The origin of the first frame is moved to the origin of the second frame, thereby coinciding the robot's first three joint coordinates as shown in Figure 2 .
First, θ 1 is rotated around the Z1 axis; then, θ 2 is rotated around the Z2 axis; then, θ 3 is rotated around the Z3 axis. This process is equivalent to rotating θ 1 around the Z1 axis first, then rotating around the rotated Y1 axis by θ 2 and finally rotating around the rotated Z1 axis by θ 3 . The rotation of the first three joints is equivalent to a spherical joint with the center of the two coordinates' origin. Similarly, the rotation of the last three joints is also equivalent to that of a spherical joint, and the robot is equivalent to a human arm. The first three joints are equivalent to the shoulder joints S, the fourth joint is equivalent to the elbow joint E, the last three joints are equivalent to the wrist joints W and the end effector is equivalent to the palm T. When the end pose is given, the rotation of the last joint has no effect on the position of the end, the position of the wrist joint is fixed and the rotation of the first joint does not change the position of the shoulder joint. Therefore, when the end pose is fixed, the elbow joint rotates around the axis where the shoulder and wrist joint are connected, as shown in Figure 3 . In this work, self-motion, that is, the circular motion of the elbow joint is called a redundant circle. We regard the vertical upward radius at the highest point on the circle as the starting axis, and the elbow joint is located on the radius of the angle at a certain moment. If the joint's angle limit is not considered, then the range of is [−π, π]. This feature introduces another constraint to the robot's movement pose, which is called the elbow angle. The six constraints of the end pose and the elbow angle constitute seven constraints, and the seven angles can be obtained using the geometric method. The elbow angle directly reflects the elbow's position in space, and the elbow angle is set to avoid the joint limit and the obstacle.
C. KINEMATIC ANALYSIS
Given that the elbow angle directly reflects the position of the elbow joint in space, the six constraints with the end pose to form a total of seven constraints, which is equivalent to introducing another constraint to the manipulator's motion pose. Accordingly, the geometrical method can be used to obtain the joint angle of 7 DOF.
The mapping relationship between the elbow angle and the joint angle of the manipulator is established, and the geometrical method is adopted to solve the arm angle range satisfying the limit of the seven joint corners. Then, the hollow spindle formed by the movement of the robot arm intersects with the obstacle, obtaining the arm angle interval that avoids obstacles. Using the intersection of this interval and the arm angle interval of the joint avoidance limit, all feasible inverse solutions to avoid joint limits and obstacles in a given endeffector pose are obtained, thus acquiring complete values for subsequent dynamic optimization. The elbow arm angle is used as the constraint control parameter, which not only explicitly utilizes the advantages of the self-motion characteristic of the redundant DOF in the trajectory planning, but also conforms to the actual situation in which a person usually adjusts the elbow position to complete the grasping action. The general position of the robot is shown in Figure 4 , in which ⊗ indicates that the vertical paper facing inward is positive and indicates that the vertical paper facing outward is negative (the same as below 
Given the end pose T d , the position of point W is obtained by moving the end position d WT in the opposite direction of Z7. The W position is p W ; then,
In self-motion, three points SEW form a triangle, and the side length of the triangle is fixed. Using the vector v SW = p W − p S , the module length is taken
then the given pose is at the working space limit, which should be avoided. This finding also shows that SEW can form a triangle when the end position is within the workspace. Using the cosine theorem, we can obtain
After a given T d , SEW has a positive and negative solution satisfying Equation (6), as shown in Figure 5 . 
Elbow reflects the position of the elbow joint relative to SW when the elbow angle = 0. The angle of joint 4 can be calculated as
The rotation angle of joint 4 is constant in the self-motion space and related only to the given end pose.
Owing to the circular motion of the elbow joint position, the plane plSEW , consisting of points S, E and W, rotates around the SW connection. Joint 5 does not change the position of W; joint 4 has a constant rotation angle; the posture of plane plSEW is affected only by joints 1, 2 and 3. The three points on the plane are utilized to generate a coordinate system arm (abbreviation ) having an origin at S; the X axis direction is taken from S point to W, with Y perpendicular to the plane, as shown in Figure 6 . Then, we can obtain
When the three current joint angles are all 0, arm is arm _o (abbreviated as o ).
T is used, and Equations (7) and (8) are placed in Equation (6) When the three current joint rotation angles turn to q 1 , q 2 , q 3 , the coordinate system arm is D . For D , the coordinate system =0 D is firstly determined when the elbow angle = 0. Equations (1) and (2) are placed in Equation (6) to determine
around its own X-axis rotation angle . Then, Equation (10) 
In summary, given the end pose T d and the elbow angle ,
If the shoulder S-spheroidal transformation formula is R S , then R S × o = D ; given that o , D form an orthogonal matrix, the following constantly exist:
By contrast, the spherical hinge transformation formula is
That is,
In Formula (13), S i , C i mean sin (q i ) , cos (q i ); separately, i = 1, 2, 3. * indicates that this item is ignored.
Then, cos (q 2 ) = R s (3, 3) ; the q 2 determined from the formula has two values (positive and negative), as shown in Then,
When arm is 1, sin (q 2 ) > 0; when arm is −1, sin (q 2 ) < 0. According to Formula (13),
, the end gesture 0 R 7 can be determined. The last three joints are defined as the wrist, and the transformation is represented by R w . Then, Formula (18) is established.
Given that the R s × Rot (y, q 4 ) result is an orthogonal matrix,
Similarly,
In this formula,
cos (q 6 ) = R w (3, 3) ; similarly, q 6 has two sets of solutions. The previous practice is followed, and the variable wrist is introduced as wrist = +1, wrist without flip −1, wrist with flip;
then,
When wrist is 1, sin (q 6 ) > 0; when wrist is -1, sin (q 6 ) < 0. From Formula (20),
According to the above, given the end pose T d and the elbow angle , we can obtain eight sets of discrete solutions. Then, given the three introduced control parameters, we can obtain the only analytical inverse solution. When calculating =0 D in Equation (6), if W is on the Z 0 axis, then the vectors X and Z 0 are parallel, and the product of the two results in a zero vector. This result cannot be used as Y , and this case is special. Y = 0 1 0 T is directly taken. The plSEW plane is shown in Figure 8 . 
D. WORKSPACE
The above kinematics inverse solution is only the point mapping in the operation space to the joint space. The discrete mapping occurs between points, and the motion of the robot is continuous. The continuous path point in the operation space, which is mapped to the joint space, should produce the continuous joint angular sequence. This issue involves motion planning and is closely related to the workspace. From the kinematics inverse solution, a wrist W position that corresponds to the pose of the end effector always exists. The W position of the wrist reflects the position of the end effector. The two positions should be determined by the first four joint angles, and the three latter joint angles determine the posture of the end effector.
In the inverse kinematics solution, three control parameters (elbow, arm, and wrist) are introduced. The positive or negative parameter values will change the joint angle and yield two pairs of solutions. When mapping a continuous path in an operating space into a joint angle, the positive and negative values of the three control parameters cannot be arbitrarily changed. Otherwise, the joint angle will change suddenly, and the corresponding joint trajectory will no longer be continuous. Table 2 lists the relationship between the two solutions. When q 4 = 0 or q 4 is close to 0, the positive and negative values of the elbow can be changed, and the obtained joint angle q4 remains continuous. Notably, when q 4 is 0, the end effector is located near the working space boundary. q 2 is associated with q1 and q3. Thus, even in the neighborhood of q 2 = 0, the arm's positive and negative values cannot be changed. Otherwise, q 1 or q 3 may change, or the joint limit may be exceeded. The conclusion of the above derivation is that the working space must be divided according to the robot position configuration, as shown in Table 3 . If the path of an operation space is not contained in the workspace corresponding to a configuration space block, mapping to the joint space will cause the joint angle to exceed the limit. Therefore, a principle of path planning is proposed here. That is, the planned path must be included in the workspace corresponding to a location configuration block. If the path can be connected in two workspace blocks, then the union of the two workspace blocks can be planned.
The point set of the position of the elbow E in the threedimensional space is part of a spherical surface, which depends on the limit of the rotation angle of Joints 1 and 2. The distribution of elbow position E when the arm takes + 1, that is, q 2 ∈ 0 2π/3 , is shown in Figure 9 . The distribution of elbow position E when the arm takes −1, that is, q 2 ∈ 0 −2π /3 , is shown in Figure 10 . When joint q 4 takes ±2π/3, W is closest to the shoulder joint position S. The distribution of W in the space, which is a closed but incomplete sphere, with the rotation of q 1 , q 2 and q3 is shown in Figures 9 and 10 .
When joint q 4 is 0, W is farthest from the shoulder joint position S. At this moment, the distribution of W in space is still a closed but incomplete spherical surface. Figure 11 shows the W position distribution obtained using the Monte Carlo method, and Figure 12 presents the spherical part of the robot W position limit.
III. KINEMATIC INVERSE SOLUTION UNDER LIMIT JOINTS
For each end pose, by changing the elbow angle , a continuous joint vector can be obtained. If a solution satisfying the joint limit exists, then the elbow angle can be set to achieve the limit of the joint avoidance. From this condition, the joint limit rotation angle can be mapped to , and the range can be obtained to satisfy the limit of the seven joint angles. through the following proof:
In Formula (26), I 3 is the 3 × 3 unit matrix, and [x×] is an antisymmetric matrix consisting of unit vectors x.
This formula is expanded to obtain the transformation function for ; bringing in Equation (10) can yield the D visual expression on . By bringing D into Equation (11), we can obtain
In the above formula,
is c sij . From the spherical hinge transformation formula,
From the correspondence between Formulas (27) and (28), we can obtain cos q 2 = a s33 sin + b s33 cos + c s33 (29) The range of cos q 2 is deduced from the range of q 2 , and the range of values of satisfying the limit of q 2 is further calculated. For the convenience of calculation, the software MATLAB is adopted to solve the interval algorithm for the sine function inequality using Formula (30).
In this formula, β ∈ −π π and A, B, C and D are arbitrary real numbers. From the correspondence between Formulas (27) and (28), we can obtain
Similar equations exist for q 3 , q 5 , q 7 . Here, we use β to represent one of the angles; then, the problem is expressed as
In the formula,β 1 ≤ β ≤ β 2 , and −pi/2 pi/2 ⊂ β. We set up f n = a n sin + b n cos + c n , Table 4 . The following is for the case of arm = +1, wrist = +1, and the value of tan β within −π π , as shown in Figure 13 .
Segment β separately solves the interval of . In − π 2 π 2 , one of the intervals of the satisfying the β require- 1 and f n f d < tan β 2 can also be solved as the sine inequality algorithm of Equation (30) .
Overall, the interval of for satisfying
For the seven joints, by removing the fourth joint, the ψ interval of the joint-avoiding limit is
In the formula, i (i = 1, 2, 3, 5, 6, 7) is the interval of the joint q i limit.
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IV. INVERSE SOLUTION UNDER THE CONSTRAINT OF OBSTACLE AVOIDANCE
Using the self-motion of the elbow joint in space, the elbow angle range where the robot avoids obstacles can be found. For a given end pose T d , the position of the shoulder joint S and the wrist joint W in space is fixed and can be represented in the end pose according to the derivation in the first chapter. The key is using the elbow angle to indicate the position of the elbow in space. The pedal on the line SW via E is O e , and O e E can be determined and set to H. O e is the origin of the coordinate system, SW is the positive direction of the X axis and O e E is the positive direction of the Z axis. The coordinate system O e − X e Y e Z e is established as shown in Figure 14 , and the solution formula is shown as (35).
Vector SO e 
We can find the coordinate of E in O − XYZ .
S, E, W, and T are four known point positions, and the positions of the connecting rod SE, connecting rod EW and connecting rod WT are determined by the end effector pose and elbow angle extraction values. The collision detection algorithm can be utilized to test whether the three links of the robot collide with the obstacle model.
WT does not change with the elbow angle because the former is related only to the end pose. If WT collides, then only the end pose can be adjusted. If WT does not collide, then is discretized in [−pi, pi]. For each sample point, whether the links SE and EW intersect with the obstacle is tested, as shown in Figure 16 . When the discretization is adequately small, the collision occurrence interval is a continuous interval. According to whether each sample point collides or not, a range in which collision does not occur may be obtained, that is an obstacle avoidance elbow angle range, which may be a union of several cells. Collision detection is represented by the functionisCollision(ϕ), which returns TRUE if a collision occurs and FALSE otherwise. The input parameter ϕ represents a discrete point value of VOLUME 7, 2019 the elbow angle. The result is stored in the linked list data structure . Figure 17 illustrates the algorithm flowchart. obtained by the algorithm is a linked list with a total of even number values; the odd-numbered values and the next-to-adjacent value form an obstacle avoidance arm angle interval. Two or more subintervals may exist in the linked list, and the union of intervals includes all elbow angles that can avoid obstacles. This interval value is taken into the kinematic inverse solution formula to obtain a joint-free rotation vector of the robot arm.
V. ALGORITHM VERIFICATION AND SIMULATION
In this research, the MATLAB Robotics Toolbox is utilized to establish the robot model, and an algorithm program for inverse kinematics, joint avoidance limit, and elbow angle range is written to verify the effectiveness of the proposed method. Using the Link and SerialLink classes in the toolbox, the robot model is established as shown in Figure 18 , which depicts the pose when the joint rotation angle is 0.
A. KINEMATIC INVERSE SIMULATION
Setting the end trajectory to an ellipse, the equation for the ellipse is shown in Equation (52).
The end posture is set to a posture that rotates approximately 60 degrees around its X axis. In MATLAB, α is discretized to obtain the α sequence and then simulated. Setting the elbow angle to 0 and elbow = +1, Figure 19 presents the simulation.
Apparently, when the elbow = +1, the plane plSEW is vertical, and the elbow position is directly above the SW line, which is consistent with the above analytical solution process. In addition, the end trajectory is a complete and accurate ellipse, the starting point and the ending point are closed, the end pose does conform to the setting and the analysis inverse solution has no principle error or joint rotation angle drift. Therefore, the kinematics analysis is correct. from the figure, joint q7 exceeds the joint limit and a mutation occurs at ±180 • . When setting the wrist = −1, the inverse solution derivation process shows that q5, q7 increase by π and modulo 2π, and q6 becomes the opposite number. Figure 21 presents the results for setting arm = +1, wrist = −1. q7 is completely within the limit in this setting and avoids joint overrun because the arm does not change the setting. Therefore, q1, q2, and q3 do not change. Similar to this joint rotation beyond the ±180 • and mutation, only by setting these three parameters can we avoid joint overrun. For a situation exceeding the joint limit but not mutating at the ±180 • , the elbow angle can be set to prevent joint overrun.
B. AVOIDANCE JOINT LIMIT ELBOW ANGLE INTERVAL SIMULATION
In MATLAB, the SerialLink.teach () function is used to bring up the simulation interface. As shown in Figure 22 , a set of 
The range of elbow angle is [−pi, pi] . This interval is distinguished, and arm = +1, elbow = +1, wrist = +1 are set to obtain the joint space vector corresponding to . For each discrete value, the seven joint rotation angles are calculated. Figure 23 presents the joint rotation angles q2, q4 and q6. The data cursor function is utilised to capture the Y axis limit value. Then, the corresponding elbow angle value is obtained, as shown in Figure 24 . Note that π is taken as 3.1416 in MATLAB. The limit of the arc system obtained by the program is shown in Table 5 . By comparing the results, we can see that the results of the algorithm are consistent with the results obtained in the graph. Figure 25 presents the change curves of joint angles q1, q3, q5, and q7. According to the limit value of the Y-axis of the q1 curve, we can determine that the elbow angle is obtained as shown in Figure 26 . We calculate the limit range of the arc system, as shown in Table 6 .
The results of the algorithm are consistent with the findings obtained in the graph. We take the intersection to obtain the elbow angle range whilst avoiding the seven joint rotation angles exceeding the limit. For each end effector pose, after setting the value of the arm, elbow, and wrist, the algorithm can be used to calculate the range of the avoiding limit of each angle; then, the intersection can be utilized to determine the elbow angle interval that satisfies the limit of each joint angle.
C. OBSTACLE AVOIDANCE SIMULATION
An obstacle environment model is established by using a cuboid and a cylinder, and the desired position of the end of the manipulator is set. As shown in Figure 27 , the obstacle avoidance elbow angle range obtained is 1.5584 2.1784 . Figure 28 presents the motion of the manipulator on the elbow angle range. At the limit position of the manipulator, the manipulator is on the point of collision with the obstacle. This method is fully proven to solve nearly all the inverse kinematic solutions of obstacle avoidance.
VI. COMPARATIVE TEST
The redundant manipulator performs a grabbing task in an unstructured environment. At present, it is generally adopted to capture the target space position, solve the joint angles and then repeatedly adjust the self-motion freedom, avoid obstacles and avoid joint motion overrun. The trajectory planning method must be repeatedly solved and judged multiple times before the task can be completed; the efficiency is low, and the planning difficulty is high. In the application of the proposed method, the elbow angle is selected as the supplementary control parameter, which can make the joint angle of each solution satisfy the obstacle and joint overrun, this allows an explicit solution to the inverse solution of the redundant DOF robot. Thus, the efficiency of trajectory planning is significantly improved. In the workspace between the redundant degree of freedom robot arm and the grab target object, obstacles in the X and Y directions are set. Figure 29 shows the path generated by the robotic arm in the obstacle environment using a conventional trajectory planning method. Paths 1 and 2 show the results of the 248th and 363 rd adjustment operations, respectively. Apparently, the planned paths are different, the number of adjustments is large and many path-jump points exist. In the same workspace, the redundant robotic arm (Figure 30 ) tests the path generated by the proposed algorithm in an obstacle environment. Paths 3 and 4 show the results of the 25th and 16th adjustments, respectively. Apparently, the number of adjustments of the two planning paths is significantly reduced. It has a certain smoothness and is in line with the natural movement of the human arm.
VII. CONCLUSION
(1) The self-motion characteristics of the 7R human redundant manipulator are described by the elbow angle parameter. A kinematics inverse solution model of the manipulator with the elbow angle as the seventh constraint is established.
(2) On the basis of the multiplicity of inverse solutions, the manipulator workspace is divided; for the continuous endpath, a method of selecting the inverse solution from the discrete multiple solutions is given, which can obtain the continuous joint angle vector without Mutation.
(3) Taking the elbow angle as the parameter, the mapping relationship between the elbow and joint angles is established to solve the elbow angle interval satisfying the joint limit. Then, all the inverse solutions of the joint limit can be obtained by this interval.
(4) The mapping relationship between the elbow angle and the elbow joint is established, and the pose of each connecting rod of the manipulator is obtained. The elbow angle is discretized, and the collision detection algorithm is adopted to test all the values of the elbow angle. On the basis of whether the arm collides with an obstacle, the elbow angle interval of the collision avoidance is obtained. This interval can be utilized to obtain the inverse solution of all obstacle avoidances in the given end pose.
